It is known that homogenous black strings in flat spacetime are unstable under long wavelength perturbations. Recently, by including scalar fields that depend on the extended coordinates only, homogenous black strings have been constructed in the presence of a negative cosmological constant, therefore implying that generic perturbations will contain both metric and scalar fluctuations. Here we show that for such generic perturbations homogeneous black strings with a negative cosmological constant are perturbatively stable at linear level, regardless the size of the Schwarzschild-AdS black hole located on the brane.
I. INTRODUCTION
In General Relativity (GR) in vacuum, one can trivially oxidate black holes to create homogeneous black strings and black p-branes in higher dimensions. These objects are an explicit example of the new phenomena that higher-dimensional gravity offers [1] . Indeed, they express a very rich dynamics since they were proved to suffer from the so-called GregoryLaflamme (GL) instability [2] , a long-wavelength perturbative instability triggered by a mode that travels along the extended direction of the horizon, mimicking the spectrum of the Rayleigh-Plateau instability in fluid dynamics [3] . Beyond the validity of the linear regime, there is enough evidence that for long times, the non-linear effects of GR trigger a violation of cosmic censorship, since the black string horizon will pinch-off in a finite amount of time as seen by an asymptotic observer [4, 5] . Such instability pervades asymptotically flat, black objects in higher dimensions, leading to a similar pinch-off of the rapidly rotating Black Ring horizon [6] as well as of the rapidly rotating Myers-Perry black hole in dimensions D ≥ 6 [7] . It is known that the inclusion of a negative cosmological constant spoils any direct, homogeneous oxidation of the asymptotically AdS black holes (see e.g. [8] ), nevertheless, as recently reported in [9] this obstruction can be circumvented in five dimensions by the presence of a massless scalar ψ (y) such that dψ (y) = λdy, where the integration constant λ gets fixed in terms of the bared cosmological constant, and y stands for the coordinate along the extended direction 1 . This construction can be extended to flat p−branes by the introduction of p massless scalars ψ i (y i ) with i = 1, ..., p such that
with y i the Cartesian coordinates of the extended flat directions. The purpose of the present work is to prove the linear, mode stability of these configurations under generic perturbations. These perturbations lead to an instability in the asymptotically flat case, nevertheless, in the presence of a cosmological constant they do not trigger any instability at all.
II. HOMOGENEOUS BLACK STRINGS IN ADS
Homogenous Black Strings and p-branes are constructed out from D = d + p dimensional spacetimes of the formg
where the D−dimensional metricg AB is the direct product of a d−dimensional black hole metric g µν and a p−dimensional flat Riemannian metric δ ij . To circumvent the evident incompatibility of the equations of motion induced by the presence of a negative cosmological constant, we use p minimally coupled scalar fields ψ i = ψ i (y i ), that dress the extended coordinates in such a manner that no incompatibility arises [9] . Then, the Einstein-KleinGordon system
admits the following, homogeneous black string solution
with dσ d−2 the line element of a (d − 2)-dimensional hypersphere and
Clearly, the bared cosmological constant Λ has to be negative, and for further simplicity, and without losing generality we will fix Λ in such a way that for the corresponding spacetime dimension, λ = 1.
The next section is devoted to prove the stability, under generic linear perturbations of these configurations. Although the computation can be carried out in arbitrary dimension, leading to the same conclusions, for the sake of concreteness we focus on the five-dimensional case, even though we provide some comments on the arbitrary D case in the conclusions.
III. LINEAR PERTURBATIONS
The five-dimensional AdS black string is given by the configuration (6) with
on which we fix κ = 2 and Λ = 3/2 such that λ = 1. A generic, spherically symmetric perturbation of this metric will contain both, a fluctuation of the scalar field as well as a fluctuation of the metric, therefore, as for the asymptotically flat black string we introduce the following metric perturbation g AB →g AB + ǫh AB with
while for the scalar field we consider ψ →ψ + ǫχ = y + ǫΦ(r)e Ωt+iky .
Clearly the metric and scalar field fluctuations preserve the spherical symmetry of the background. ǫ is the perturbative parameter. If we are able to find bounded solutions of the linearized system, for positive values of Ω, we would have found an unstable mode, while the absence of such modes will imply the linear stability of our configuration. The linearized Einstein-Klein-Gordon system leads to
ABg CD△
where△ L is the Lichnerowicz operator of the background spacetime, and
In the presence of matter in GR, it is consistent to impose the following gauge condition 
The regular asymptotic behaviors provided by this equation, near the horizon and infinity yield Φ (r) ∼ (r − r + )
Φ (r) ∼ r
For positive values of Ω, connecting these two asymptotic behaviors is impossible. This is proved as follows. Any bounded solution of (18) has to vanish both at infinity and at the horizon, therefore there must exist a turning point in the domain of outer communication.
At such point r = r * > r + one must have
and since the rhs is strictly positive, no such turning point exists. This standard argument proves the non-existence of exponentially growing modes in time, for generic perturbations of the black string, and therefore its stability!
IV. FURTHER REMARK
We have proved that the same perturbation that leads to the GL instability of asymptotically flat black strings, is not able to trigger an instability of the homogeneous asymptotically (9), δψ (i) = χ (i) , will solve a Klein-Gordon equation on the background metric (6) . Introducing the separation
with i = 1, . . . , p and where Y l (σ d−2 ) stands for a spherical harmonics on the σ d−2 −sphere.
As usual due to the spherically symmetric nature of the background, only the l label of the harmonics appears. The relevant asymptotic behaviours are
and
at the horizon and at infinity, respectively and L is the effective AdS radius of the asymptotic region of the black hole on the brane. As before, equation (22) does not admit regular solutions for positive Ω and therefore, the system is stable.
Many questions are now in order. Recently the authors of [11] proved that the black strings constructed out with black holes with negative heat capacity will be perturbatively unstable, proving under certain conditions, the Gubser-Mitra conjecture [12] . It is well known that small black holes in AdS do indeed have negative heat capacity, nevertheless we have explicitly proved the stability of the black strings for arbitrary radius of the Schwarzschild-AdS black hole of the transverse section. It would be interesting to explore how the inclusion of the negative cosmological constant, or the massless scalar allows to circumvent the hypotheses presented in [11] . On the other hand, it is very likely, that the ground state AdS 4 × R obtained by setting m = 0 in (7), and which requires a non-vanishing scalar field, will suffer from the recently discovered non-linear AdS 4 instability [13] . How the scalar and the extended directions produce an imprint in such non-linear process is something that certainly deserves further exploration.
